We report on a novel Kondo phenomenon of interacting quantum dots coupled asymmetrically to a normal and a superconducting lead. The effects of intradot Coulomb interaction and Andreev tunneling give rise to Andreev bound resonances. As a result, a new type of co-tunneling process which we term Andreev-normal co-tunneling, is predicted. At low temperatures, coherent superposition of these co-tunneling processes induces a Kondo effect in which Cooper pairs directly participate formation of a spin singlet, leading to four Kondo resonance peaks in the local density of states, and enhancing the tunneling current. 72.15Qm, 73.40Gk, 72.15Nj Typeset using REVT E X 1
participate the formation of spin-singlet. However, since the Kondo effect in a QD results from co-tunneling processes, for a N-QD-S hybrid system, it is very natural to ask: are there co-tunneling processes consisting of one virtual Andreev tunneling and one virtual normal electron tunneling? If there are, can coherent superpositions of these Andreev-normal cotunneling give rise to a Kondo effect? What are the consequences and characteristics of the Kondo effect induced this way?
It is the purpose of this letter to report our theoretical investigation on these issues. In contrast to previous work [6] [7] [8] [9] [10] , we emphasize the possibility of virtual Andreev tunneling directly participating the co-tunneling process so that the Cooper pairs directly participate formation of the spin-singlet: these physical processes give rise to Kondo effect in the first place. Our results predicts a new co-tunneling process formed by an Andreev tunneling and a normal tunneling, and the superposition of this type processes induce four Kondo peaks in the LDOS.
We consider the standard model Hamiltonian [11] 
denotes the tunneling part of the Hamiltonian. The current from the normal lead flowing into the QD is calculated by the standard Keldysh nonequilibrium Green's function theory, as (h = 1) [11] :
where
is the Fermi distribution of the normal lead. The subscript "11" means taking the "11" element of the 2 × 2 matrix. The entire analysis therefore falls on to derivations of retarded and Keldysh Green's functions G r and G < for the QD in the well known Nambu representation [11] .
We have solved G r (ǫ) using the equation of motion method. Although this method is quantitatively less accurate in predicting intensity of Kondo effect, it has been proven to provide correct qualitative physics at low temperatures [12] , therefore it is sufficient for the purpose of this work. Then we obtain the matrix form of G r (ǫ) as, [13] 
where A i (ǫ)(i = 1, 2) and B(ǫ) are defined as
; and the self-energies Σ = Σ N + Σ S are:
ii , where index i = 1, 2. In these expressions E ≡ ǫ
The self-energy Σ N for the coupling to the normal lead can easy be obtained from Σ S by setting ∆ = 0 and substituting (V S , ǫ Sk , b kσ ) by (V N , ǫ N k , a kσ ). The quantity n σ in Eq. (2) is the intradot electron occupation number of state σ;
pair correlation in the QD due to the well known proximity effect. These quantities must be calculated self-consistently [6, 14] . We emphasis that Eq. (2) is suitable for arbitrary
Coulomb interaction strength U and superconducting gap ∆. In the zero-gap limit so that the superconducting lead becomes a normal lead, Eq. (2) reduces to that of the N-QD-N system [15] . On the other hand, if there is no interaction so that U = 0, Eq.(2) reduces to exactly that of a free N-QD-S system studied before [16] . Finally, in the infinity U limit and (2) is consistent with the corrected result of Ref. [10] . Here V b is the bias voltage and T is the temperature.
Next, we solve the Keldysh Green's function G < (ǫ) which, for interacting systems, can not be obtained from the equation of motion without introducing additional assumptions.
We follow the most commonly used ansatz for interacting lesser (greater) self-energy Σ α (α =< and >), due to Ng [17], but we generalize this ansatz to mesoscopic hybrid systems in the following way,
where Σ 0 is the exact self-energy for noninteracting system. Then, from
it is easy to determine X = Σ r − Σ a . This ansatz has several advantages: (i) it is exact both in equilibrium (V b = 0) and in noninteracting limit (U = 0); (ii) when ∆ = 0, it is consistent with the original ansatz of Ng [17]; (iii) the current conservation is automatically satisfied; (iv) it guarantees the exact relation of matrix elements G
(ǫ) and G < 22 (ǫ) automatically becomes purely imaginary. In this regard, we note that Ref. [10] proposed to use only the first term of Eq.(3) as Σ < . At least for our purpose this choice is not correct because our matrices in (3) are non-diagonal therefore cannot be permuted, and more importantly, it generates result violating points (iv) and (v). Finally, using (3), G < is obtained from the Keldysh equation
† . With Green's functions G r and G < , from Eq.(1) the current I is calculated immediately.
To gain physical insights to the analytical result, in the rest of the paper we discuss them numerically. In our numerical calculations, we assume square bands of width 2W so
. We emphatically investigate the case when ∆ > Γ S and with asymmetrical barriers, Γ S > Γ N . In this case, an electron with energy |ǫ| < ∆ in the QD undergoes multiple Andreev reflections before it decays to the normal lead, and it cannot decay into the superconductor due to the gap.
These multiple reflections give rise to Andreev bound states in the QD which are indicated by the peaks in the LDOS [18] . Fig.(1a) shows LDOS at a high temperature T = 0.5. If
When U becomes finite, due to a competition of intradot Coulomb interaction and Andreev tunneling, each U = 0 Andreev bound state is split into two sub-states an energy U apart.
As a result, four Andreev bound state peaks emerge in the LDOS each with half-width set by Γ N . Note that for large interactions U → ∞, Andreev reflections are Coulomb blockaded therefore only two ordinary resonance peaks at ǫ d and ǫ d + U can be detected in LDOS.
Next, we drop the temperature to T = 0.005 so that Kondo effect can be investigated, the data shown in Fig.(1b) . In LDOS, the four broad peaks correspond to the four Andreev Where do the excess Kondo peaks originate? They certainly cannot be due to firstorder tunneling processes because Andreev bound states do not align with µ N . In addition, although direct Andreev tunneling does occur, their effect is to evolve the intradot level ǫ d into the Andreev bound states, i.e. to give the four broad peaks in the LDOS as discussed in the above. They cannot give rise to the Kondo effect simply because this process can not flip local spin.
Our investigation suggests that the excess Kondo peaks originate from an interesting co-tunneling process not discovered before, which is indicated by Fig.(2) . First, the conventional Kondo peak at ǫ = µ N originates from the normal co-tunneling event between the QD and the normal lead depicted in Fig.(2a) . Note that this process does not induce any net current.
Second, the excess Kondo peak at ǫ = −µ N is from a Andreev-normal co-tunneling process described in Fig.(2b-d) . To start, an electron with spin-up, for example, occupies the QD (Fig.2b) . Then a down-spin electron in the normal lead with energy ∼ µ N can tunnel into QD and reach the QD-S interface causing an Andreev reflection by which a hole is reflected back, Fig.(2c) . If Γ N ≥ Γ S , this hole can easily tunnel into the normal lead and neutralizes an up-spin electron. This is a real Andreev process in which two electrons with opposite spin in the normal lead are annihilated concomitant to the creation of a Cooper pair in the superconductor, leaving the occupancy and the spin of the QD unchanged. However, when Γ S > Γ N which is our concern, it is more difficult for this hole to tunnel into the normal lead, the probability is increased for this hole to combine with the original up-spin electron of the QD (Fig.2c) . Note that this is a virtual Andreev tunneling process: after it the system is in a high-energy virtual state which can only exist for a timescale ∼h/|µ N + ǫ d |. [16] Q. Sun, J. Wang and T. Lin, Phys. Rev. B 59, 3831 (1999).
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